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ABSTRACT. The purpose of this paper is to find 8-dual of Cesaro vector-valued sequence
space and give matrix characterizations from Ces(X,p) into sequence spaces £(q), £ (q),
Moo (q) and ¢ (q) where p = (px) is a bounded sequence of positive real numbers such
that pr > 1 for all k € N.

1. Introduction

Let (X,|.]|) be a Banach space with a scalar field K, the space of all sequences
in X is denote by W(X) and let ®(X) denote the space of all finite sequences
in X. When X = R or C, the corresponding spaces are written as W and ®.
Let N be the set of all natural numbers, we write x = (x) with 2 € X for
all k € N. A sequence space in X is linear subspace of W(X). Let p = (pi)
be a bounded sequence of positive real numbers, the X-valued sequence space
co(X,p), c(X,p), loo(X,p), U(X,p), Ces(X,p), {s(X,p), E-(X,p) and F,.(X,p) are
define by:

olX.p) = o = (ex) : Jim ™ = 0},
c(X,p) = {z = (1) : klim |z — a|”* = 0 for some a € X},

foo(X,p) = {z = (wg) : sup [ < o0},
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UX,p) = {z = (ax) : ) l|lzxl|P* < oo},

k=1
[e%S) k

Ces(X,p) = {r = () : (3 D leal)™ < oo},
k=1 n=1

lo(X,p) ={z = (z) : klggo [0xzk|| = 0 for each(dx) € o},

E.(X,p) ={z = (zx) : supk™"||zx]|”* < oo}, and
k

Fr(X,p) = {z = () : K ||z < oo}
k=1

When X = K, the scalar field of X, the corresponding spaces are written as
co(p), c(p), b (p), Ces(p), oo (), Er(p) and F.(p) respectively.

Grosse and Erdmann [2-3] investigated and gave characterization for infinite
matrices to transform between sequence spaces of Maddox. In 1993, F. M. Khan
and M. A. Khan[4] gave characterization of infinite matrices of Cesaro sequence
space (Ces(p, s)) into the space of convergent series (cs) and the space of bounded
series (bs). Wu and Liu [9] gave the matrix transformations from X-valued sequence
spaces ¢o(X,p), loo (X, p) and £(X,p) into scalar-valued sequence spaces co(g) and
L5 (q). S. Suantai[6, 7, 8] gave characterization of infinite matrices mapping Nakano
vector-valued sequence space ¢(X,p) into any BK-space, {o, and o (q). In [1] C.
Sudsukh characterized an infinite matrix that transform Maddox vector-valued se-
quence space into Nakano sequence space and Nakano vector-valued sequence space
into Maddox sequence space. In [3] S. Kongnual characterized the matrix transfor-
mation of bounded variation vector-valued sequence space into Maddox sequence
space.

However, there are many open problems about matrix transformations from
vector-valued sequence spaces into scalar-valued sequence spaces. In this paper we
study matrix transformations of Cesaro vector-valued sequence space Ces(X, p) into
sequence spaces £(q), loo(q), Ms(q) and £ (q).

2. Definitions and lemmas

For z € X and k € N, we let e*)(2) be the sequence (0,0,0,...,0, 2,0, ...) with
z in the k" position. For a fixed scalar sequence u = (uy,) the sequence space E,, is
defined by

E, ={x=(zx) e W(X) : (urxy) € E}.

Suppose that the X-valued sequence space F is endowed with some linear topology
7. Then E is called a K-space if for each n € N the n'"* coordinate mapping
pn + E — X, defined by p,(z) = z,, is continuous on E. If, in addition, (E,7) is a
Fréchet(Banach, LF-, LB-) space, then F is called an FK —(BK—, LFK—, LBK—)
space. Now, suppose that F contains ®(X). Then E is said to have property AB
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if the set {37_,e*(z)) : n € N} is bounded in E for every z = (z5) € E. It said
to have property AK if X7_ eF(z)) — x € E as n — oo for every z = (z) € E.
It has property AD if ®(X) is dense in E. Let A = (f}*) with f in X', the
topological dual of X. Suppose that E is a space of X-valued sequences and F
a space of scalar-valued sequences. Then A is said to map FE into F, written
A: E — Fifforeach v = (z) € E, An(v) = £ f1 (z1) converges for each n € N
and if the sequence Az = (A,(x)) € F. We denote by (E, F) the set of all infinite
matrices mapping E into F. If u = (ug) and v = (vy) are scalar sequences, let

w(B, F)y ={A = (f7) : (unvi [ )n € (B, F)}.
If up # 0 for all k € N, we write u™! = (i)
In C. Sudsukh [1], this lemma is useful to characterize condition of matrix
transformations.

Lemma 2.1. Let E C W(X) be an FK-space with AK property and F an FK-
space of scalar sequences. Then, for an infinite matrizc A = (f!),A: E — F if and

only if
(1) for eachn € N,> 72| fi(xy) converges for all x = (xy) € E,
(2) for each k € N,(fi(2))52, € F for all z € X, and
(3) A: ®(X) — F is continuous when ®(X) is considered as a subspace of E.

3. Some auxiliary results

In this part we first give useful results that concern with 8 — dual of Ces(X, p).

Proposition 3.1. Let (fr) be a sequence of continuous linear functional on X
and p = (px) of positive real numbers with p, > 1 and pik + i = 1 for all
k € N. Then Y 7o, fu(zg) converges for all x = (x1) € Ces(X,p) if and only
if > gy (supy, || ful|-k)* B™" < 0o for some B € N.

Proof. Suppose that >~ (sup,, || fx||.k)"* B~" < oo for some B € N then for each
x = (z) € Ces(X,p)

o0

> 1
Do) <Y ||ka-k~BilB~EkaH
k=1 k=1
(o)

SI01Fell £ B + Bee (el

k=1

IN

o0

S llsup Ll ) B0+ B (]

IN

o0 3 o0 1
= Y (suw|fallk)*B t’“+ZBp’“(EIkaII)“

k=1 k=1
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o0 o0

1
< Z(sglp |frll )" B o BPw P Z(Ellwkll)”’“
k=1 k=1
0o k
< Z(Sup\lfnllk )" B~ t’“+BGZ Zl\wkll)”’“
k=1 k=1 k:l
< 0.

Thus "=, fu(zk) converges.

Assume that Y 7o fr(zy) converges for each x = (z) € Ces(X,p). Choose
scalar sequence (tx) with |tg] = 1 such that fi(trxr) = |frx(zk)],Vk € N. Since
(tkzy) € Ces(X,p) by assumption we have Y 27 fi(tgx)) converges then

o0

(3.1) Z |fe(zk)| < oo forall == (x;) € Ces(X,p).

k=1
We want to show that 3B € N such that Y ;- (sup, ||f»|.k)"* B~ < co. On
contrary, suppose that

(3.2) > sup||fn|| k)bt = 0o, Vbe N.
k=1

By (3.2) implies that for each kg € N

(3.3) > (sup || full-k)Eby T =00, Vb € N.

k>ko "

From (3.3) we can choose by > by and by > 22 and ko > k1 such that

(3.4) > (sup || fall ) Fby " > k2

ki<k<ks

Doing in this way go on, we have sequence 1 = kg < k1 < ky < ... and b1 < by <
, ..., b; > 2% such that

> (supllfall-k)EbT > K

ki—1<k<k;

Choose xj, in X with [|zg| =1 such that >,  _, -, (sup, | (2)|. ) tE b
> k27Vi € N. Let a; = Zki71<k§ki (supn ‘fn(mn)"k)tkbiitk and y = (yk)7

yr = a; (supy, |fo(zn)|-k)* | fr(zr)| " t2x.  Then y € Ces(X,p). Let a =
(sup,, | fn(zn)|) and G = supy, px, we can separate two cases.
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Case o < 1;
1< 1 <&
1 — P _ 1
X Gl =1 X (T et )
ki—1<k<k; Jj=1 ki_1<k<k; j=1
1 - =1 t; +t; —1\pr1&
= [ Y o Ooartabiblfi) e el =1
ki—1<k<k; Jj=1
1 k
— ot _ 1 .
<[ > m(zailldtﬂfj(l’jﬂ Werle el <a<l t;>1
ki—1<k<k; j=1
1 k
1
< LY Qe LR ()| T 1 <Y < R VR € N,
j=1

ki1 <k<k;

Let K7, and Ky, are partitions of {1,2,...,k}, if j € K; i, then |f;(z;)| < 1 and if
j € Ko then |f;(x;)] > 1for all j =1,2,...,k. So we have

1

= [ > o ¢ S an BT+ YD o R f () TPE] S L= supty,
ki—1<k<k; JEK i JEK2 ) k
1 — — 1
SHED D AR Ch R IOk
ki1 <k<k; JEKyk
1 — _ 1
Y GO A k)T
ki—1<k<k; JEKo &
1 - 1 1 _ _ 1
S LY (X @Rl Y (X e ke
ki—1<k<k; JEK i ki_1<k<k; JEK )
N fi ()7t < max | f;(z;)| " = C, where C > 1
J
1 - 1 1 _ N
< | Z m( Z a; 'k CO)PR T 4| Z k?( Z a7 tkE 1)Pe]E
ki—1<k<k; JEK i ki1 <k<k; jEKo
STt <1
1 & 1 F
_ 1 _ 1
< Z m(zailkLC)pk]G+[ Z m(zai RN
ki—1<k<k; Jj=1 ki_1<k<k; j=1
k k
IS
JEK1k JEK2 j=1 j=1
e D DI T L 2 W T LA e T
Koo <k<ks Koo 1 <k<ks
1 1
< [COKFE Y ﬁ]é+[kfc > ﬁ]é sa; > k= a7t <k7?
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1 1 2 1 1.1
= SR D EeE( Y )t
ki—1<k<k; ki—1<k<k;
1.4
(CHY+RIC Y

ki—1<k<k;

= OO Y )

ki1 <k<k;

k 1 1
Hence, [Zki,1<k§ki(% Zj:l lly;l)Pele < Ti,l(zki,Kkgki %)G then
Zk¢71<kgki(% 2?21 ly; 1P < Tﬁ D ki1 <k<h; 1%2 Therefore,
k ‘
Sorei (5 2= lyslDPe < TG 3502, 55 < oo, where Tiy = [kf(C +1)].

Case a > 1;

k
LY G e

ki—1<k<k; j=1

1 & ,
R O R A ACH e Vg
j=1

ki—1<k<k;
1 k
— s — 1
= [ X Qe e il e el =1
k1'71<k?§ki 7j=1

i—lasupk tk'jtj|fj(xj)|71)pk]é sl < afPRTE o > ]

IA
]
[~
M~

Q

ki—1<k<k; Jj=1
1 & ,
S A S S R e VTG T L R L
ki_1<k<k; j=1

Now doing same as case a < 1, which separate by partition. We have

1 — su su —
= | Z m( Z a; LR RSP b | f ()|

ki—1<k<k; JEK1 K
+ D ap et £ ()| ]S
JEK2 &
< [CG(CV.]CZ‘)L'G Z ai_l]é + [(a.ki)L'G Z ai_l]é ;k < kz
ki—1<k<k; ki 1<k<k;
< [C%ak)™C 3T ETHE (k)M D kY
ki—1<k<k; ki—1<k<k;

ca; >k =a;t < k2

= [(ek) C+1]( Y k=

ki—1<k<k;
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k 1 1
Thus, [Zki_1<k§ki(% Y= lyiDPrlE < Tin(3ok,  <k<ks 77)© then
k
Zki,1<kgki(%2j=1 ly; [P < %Zkl 1<k<k; 1%2 Therefore,

220:1(%2?:1 ly; )P < T% 35550 = < oo, where Ty = [(a.k;)*(C + 1)]. We
obtained y € Ces(X, p).
For each ¢ € N, we have

Yoo Ml = D> Ifula; (Suplfn(wn)kl)t" | fi )|~ )|

ki—1<k<k; ki—1<k<k;

= a;t Z (sup | fr (). .b; 00 b7 bl =1

ki1 <k<k;
> a7t D (suplfalwn) KD 6> 1b > 2
ki—1<k<k;
= 1.
Then, > p; | fx(yx)| = oo which is contradiction. The proof is complete. O

Remark 3.2. For each T;; and T} 5 in Proposition 3.1 that are bounded.
T = WO+ D] = K™ (max| f(z;) [ + 1)
J

Tip = [(ak)"(C+1)] = [(sup | fn (an ) )04 g (max £ ()7 + D).

Proof. Since (fi) be a sequence of continuous linear functional and in the proof we

choose sequence zy, in X with ||zg| = 1, so |fe(zx)| < [|fell-llzkl] = [|fx]]-1 < oo.
We have |fi(zy)| bounded, thus max; |f;(x;)|~" and (sup,, |fn(xn)|) are bounded
for all j = 1,2,...k. Therefore, T; ; and T; 2 are bounded for all ¢ € N. O

4. Main results

In this section, we characterize matrix transformations from Ces(X,p) into
Maddox sequence spaces £(q) and £ (g). By using Lemma 2.1 and Proposition 3.1,
we have following theorems.

Theorem 4.1. Let p = (pg) and q = (qr) be bounded sequences of positive real
numbers such that pr, > 1 and = + ==1 forallk e N, and A= (f]) an infinite
matriz. Then A : Ces(X,p) — K( ) zf and only if

(1) for each n € N there exists B, € N such that
S (sup 7145 < o
k=1

(2) for each k € N, Y 07| |fi(x)]" < oo for every x € X and
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(3) for each r € N there exists B, € N such that

oo
Z ZII%II ”’“<* = ) D )l < =
keEK j 1 n=1 keK

for all x = (zx) € ®(X) and all finite subsets K of N.

Theorem 4.2. Let p = (px) and q¢ = (qx) be bounded sequences of positive real
numbers with pr, > 1 and pik + i =1 for all k € N and A = (f}') an infinite
matriz. Then A: Ces(X,p) — loo(q) if and only if there exists B € N such that

oo
sup(Z(sup ||ff|\.k:)t’“B_t’“)q" < 0.
"og=1 Y

Proof. By Proposition 3.1, we have Y7, (sup, || f;[|.k)"* B~"* < oo for all z =
(x) € Ces(X,p). Since A = (f}) : Ces(X,p) — loo(q) and definition of £ (q), we
have that sup,, (32, (sup; || f7'[].k)"* B~ ) < oo. O

Theorem 4.3. Let p = (px) and q = (qx) be bounded sequences of positive real
numbers such that pr, > 1 and ]%k + i =1 forallk € N, and A= (f) an infinite
matriz. Then A : Ces(X,p) — My (q) if and only if

(1) for each m,n € N there exists B € N such that

S (sup 17 )" k5B < oo

k=1
(2) forallm,ke N, >, mﬁ|f,?(m)| < oo for every x € X and
(3) for each m,r € N there exists S € N such that

k
Gl < g = mewz @)l <

keK Jj=1 keK

for all x = (zx) € ®(X) and all finite subsets K of N.

Proof. By [1, Proposition 2.3(vii)], we have Mo(¢) =(\-_,¢ 1 . By [1, Propo-

m=1
(m an )
sition 2.2(ii) and (iv)] and Theorem 4.1, we have

A:Ces(X,p) — Muo(q) < A:Ces(X,p) ﬂ E( =
=1
& A:C’es(X,p)—>€( ) for allm € N

& (mﬁf,?)nk :Ces(X,p) = £, forallme N
& the conditions (1), (2) and (3) hold.
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O

Theorem 4.4. Let p = (pr) and g = (qx) be bounded sequences of positive real
numbers such that pr, > 1 and pik + i =1 forallk € N, and A = (f]') an infinite
matriz. Then A : Ces(X,p) — Ux(q) if and only if for each m € N there exists
B,, € N such that

oo
t
sup(d_ san (sup || f1]) kB < .
k=1 J

n

Proof. By [1, Proposition 2.3(vi)], we have s(q) = ooy oo , and [1, Proposi-
(san)
tion 2.2(ii) and (iv)], we have

A:Ces(X,p) = ls(q) & A:C’es(X,p)Hﬂﬂoo .
s=1

(sdn)

& A:Ces(X,p) = ls , ,forallse N

(san)
& (sTllf,?)nk : Ces(X,p) > loo , foralls € N
< the condition holds.

O
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